ABSTRACT: A review of some methods and their optical principles for measuring the corneal topography are presented in this paper. The concepts of principal curvatures and the ambiguity concerning the axial curvature of surfaces without symmetry of revolution are analyzed. These methods are divided into three groups according to the following optical principles: (1) specular reflection, which includes the Placido disk system, interferometry, and moiré deflectometry; (2) diffuse reflection, which includes moiré fringes, rasterstereography, and Fourier Transform Profilometry; and (3) scattered light, which includes the slitlamp system. We avoided describing the details of commercial instruments, only their working principles. (Optom Vis Sci 2001;78:240-253)
T he cornea is the anterior optical element of the eye and therefore plays an important role in focusing images on the retina. Contributing nearly two-thirds of the total refractive power of the eye, the cornea plays an important role in many optical errors of the eye. [1] [2] [3] Eye models have been developed to simplify the complex optics of the eye and average the variation among subjects. 4 One of the most important models was developed by Gullstrand, 5 which gives a good idea of the average dimensions of the human eye. Although useful to generally understand and work with the optical principles of the eye, these models do not necessarily represent the exact geometry or shape that would occur in an individual patient.
A simple method to measure the average radius of curvature of the cornea (anterior surface) uses an autocollimator microscope. A point light source is first projected onto the cornea and then on its center of curvature; the separation between these two microscope positions is the radius of curvature. This method was used by Fincham in 1925.
2 Sneff 6 and Helmholtz and Southall 3 came up with a more accurate approximation to the geometry of the cornea by assuming that it is a rotationally symmetric ellipsoid. Blix 7 then proved that the radius of the cornea varies less than for an ellipsoid in the central portion, and more toward the limbus. El Hage 2, 8 measured quantitatively the shape of the cornea by taking measurements with a photokerastoscope designed by himself and obtained a differential equation that gives the profile of the cornea along a specific meridian.
Currently, there are several techniques to measure the corneal topography, some of which will be discussed later. Assuming that the corneal surface is given by z ϭ f(x, y), in a Cartesian system, with first and second derivatives continuous at any point, there are at least three different manners in which the topography of the cornea can be specified: 1. By the surface elevation f(x, y) with respect to a convenient reference surface. The reference surface can be a plane, a sphere, or a Cartesian oval. A typical reference sphere is one with the minimum standard deviation with respect to the corneal surface and with the same optical axis. This is the simplest representation, giving a straightforward representation of the corneal topography. 2. By the local slopes with respect to the reference sphere. At any point on the surface the slope is a function of the direction. Thus, the slope has to be specified by two numbers: its maximum value and its direction (gradient). These slopes are mathematically obtained from the elevation f(x, y) by calculating their first partial derivatives along the coordinates for axes x and y. 3. By the local curvature. For a general surface, the curvature at any point depends on the direction in which it is measured. 9 -11 For a given point on the surface, there is a maximum value in a certain direction and a minimum value in the perpendicular direction. With these two values, it is possible to determine the curvature in any direction. Thus, to determine the curvature in any direction, we need three numbers, i.e., the maximum curvature, the minimum curvature, and the direction corresponding to the maximum (or minimum) curvature. These curvatures are mathematically obtained by calculating their first and second partial derivatives of the elevation f(x, y). Assuming that the refractive index of the cornea is constant (equal to the accepted average index 1.3375), an equivalent representation fre-quently used by optometrists is the refractive power in diopters given by D ϭ (n Ϫ 1)/R, where R is the radius of curvature of the surface. Refractive power and curvature are different only by a constant factor (n Ϫ 1).
The results can be depicted by color maps representing the locus of points with the same values of the measured parameter, by isometric plots, etc. [12] [13] [14] In this review, we describe the optical principles of some methods that have been used to measure corneal topography. These can be classified according to the physical phenomenon used in the measurement, i.e., specular reflection, diffuse reflection, and scattered light. This classification does not cover all the possible methods, but only some of the most common being reported in the scientific literature and used clinically.
The specular reflection technique considers the anterior corneal surface as a convex mirror, as in the Placido disk-based systems, interferometry, and moiré deflectometry. The principle used in the Placido disk is probably the oldest for corneal measurements. It consists of a series of concentric illuminated rings placed in front of the eye whose virtual image reflected off the cornea is visually observed or captured with a video camera. Interferometry techniques are widely used to evaluate optical elements like lenses and mirrors. In moiré deflectometry, the deflection of the rays reflected off the corneal surface is analyzed.
The diffuse reflection technique modifies the specular reflection of the anterior corneal surface to make it a diffuse reflector by instilling fluorescein to the tear film. With this modification, the usual methods (fringe projection methods) in the analysis of diffuse surfaces can be applied. The moiré fringe systems, rasterstereography and Fourier Transform Profilometry are based on this technique.
The scattered light technique uses the scattering phenomenon of the light when it is transmitted in an optical medium. In this case, the corneal tissue is the optical medium where the light is scattered. Part of this scattered light emerges through the anterior surface of the cornea and is captured by an optical imaging system. The borders of the image are analyzed, and information on the anterior and posterior corneal surface is obtained. This technique is used in the slitlamp system.
Before describing each of the methods mentioned above, we will review some of the different types of local curvatures that can be defined in a general surface because they play an important role in corneal topography representations in optometry and ophthalmology.
THE CORNEAL SURFACE DESCRIBED IN TERMS OF LOCAL CURVATURE
For an arbitrary surface z ϭ f(x, y), assuming that the first and second derivatives are continuous at any point Q(x, y, z), a normal section at Q is the curve defined by the intersection of a plane that contains the normal of the surface at Q with this surface. 9, 10 It is therefore possible to have an infinite number of normal sections at any point of the surface. The curvatures of the normal sections at the point Q are called normal curvatures. An umbilic point is one for which the normal curvature is constant, that is, independent of the direction of the normal section, for example, a point on a spherical or a plane surface. Let us assume that the point Q under consideration is not an umbilic point. Then, it is possible to find two normal sections at the point Q of the surface with the minimum and maximum values of normal curvatures. These normal sections, called principal sections, are orthogonal to each other, and their curvatures at Q, defined as the inverse of the radius of curvature, are called principal curvatures.
In a surface with symmetry of revolution, the two principal sections at any point Q are one in the radial direction and the other in the perpendicular direction. By analogy to the convention in lens design and following the usual optometric notation, here the curvature in radial direction will be called tangential, meridional, instantaneous, or true. The curvature in the perpendicular direction will be called sagittal curvature. The plane that defines the radial principal section contains the axis of revolution, thus the radial principal section is the generating curve of the symmetric surface.
Let us assume that z ϭ f(x, y) describes a surface of revolution, that is a surface generated by the rotation of a plane curve (radial principal section) about an axis in its plane. If this axis is defined as the z axis and u denotes the perpendicular distance from it, the coordinates of a point Q of the surface may be expressed as
where is the angle between the xz plane and the radial principal plane that contains Q stated above. The parametric curves in which is constant are called meridians; these are the radial principal sections. The curves in which u is constant are called parallels, which are different from the sagittal principal sections (Fig. 1) . The analytic expressions for the tangential curvature c tan and sagittal curvature c sag are
and c sag ϭ
The normal line of the surface at Q that joins the two principal centers of curvatures, tangential Ct and sagittal Cs, crosses the z axis, and Cs always lies in the z axis as shown in Fig. 1 . Because the surface has rotational symmetry, it is possible to show that c sag at Q can be written as c sag ϭ sin/u, where is the angle (in the meridional plane) between the axis of revolution (z axis) and the normal of the surface. The slope of the surface along the meridional curve is given by tan. Also, because of the rotational symmetry, for a point Q in the intersection of a meridian o and a parallel u o , the values of curvatures c tan and c sag are the same as at any other point in the same parallel and any meridian. Therefore, if we represent the topography of the surface by sagittal and tangential curvatures using colorcoded maps, these maps will be concentric color circular bands. 14 For this kind of rotationally symmetric surface, the sagittal curvature can be determined from the tangential curvature 15 as
Thus, for this rotationally symmetric surface, the average of all the tangential curvature values along a path from the optical axis to the point Q is equal to the sagittal curvature. In the vertex of the surface there is an umbilic point, thus the tangential and sagittal curvatures are equal, which is usually called the vertex curvature c vertex .
For a general surface, the principal curvatures c 1 and c 2 are the roots of a quadratic equation that results from the first and second fundamental forms of differential geometry (Appendix A) and coincide with the sagittal and tangential curvatures for a surface with symmetry of revolution. Fig. 2 shows the principal centers of curvatures C 1 and C 2 for an elliptic paraboloid (a surface without symmetry of revolution) at Q. The normal line joining the principal centers of curvatures does not cross the z axis. Thus, in general, tangential and sagittal curvatures are not the principal curvatures.
For the corneal surface, the optical axis will be defined as the straight line perpendicular to the pupil of the eye and passing through its center. If the cornea has symmetry of revolution, the optical axis can coincide with the axis of revolution, but in general they are different. For our purposes, we will define a meridional plane as a plane that contains the optical axis. The intersection of a meridional plane with the cornea defines a meridional curve, which is not necessarily a normal section, and its curvature is related to the principal curvatures through the Euler's and Meusnier's theorems (Appendix B).
Another concept frequently used in optometry and ophthalmology is the axial curvature, which is defined as the reciprocal of the length d a from the surface at point Q to the optical axis, along the normal line of the meridional curve (in the meridional plane), that is, c axial ϭ 1/d a . It is possible to write the distance d a as r/sin, where r is the perpendicular distance from the optical axis to the point Q and is the angle between the normal line of the meridional curve at Q and the optical axis. Thus, the axial curvature is given by c axial ϭ sin/r. In any general surface without symmetry of revolution, the axial curvature does not necessarily coincide with the surface curvature at the point Q in any direction. Therefore, the axial curvature does not really measure the curvature of the cornea in any direction, and it will lead to erroneous interpretations. In the particular case of a surface with symmetry of revolution, the axial curvature has the same value as the sagittal curvature, but their definitions are quite different, as illustrated in Fig. 1 .
The Gaussian curvature is defined as the product of the two principal curvatures c 1 and c 2 .
9, 10 The curvature thus defined tells us when the two principal curvatures have different signs, but it does not have the proper units of curvature. An alternative definition of Gaussian curvature sometimes used is the geometric mean of these curvatures, that is, the square root of their product. The limitation of this definition is that it can be applied only if the two principal curvatures have the same sign. The arithmetic mean of the principal curvatures is called the mean curvature and the difference of them is called cylinder. Barsky 11 proposed the Gaussian curvature to be defined as the geometric mean to make maps of the Tangential Ct and sagittal Cs centers of curvatures for a paraboloid with symmetry of revolution. The circle with radius CtQ in the meridional plane has the same tangent and curvature as the surface at Q in the radial direction. This is the tangential osculating circle. The circle with radius CsQ in the sagittal plane, perpendicular to the meridional plane, has the same tangent and curvature as the surface at Q in the sagittal direction. This is the sagittal osculating circle. The circle with radius CsQ in the meridional plane has the same tangent but not the same curvature as the surface at Q. This is the axial circle. Thus, in general, the axial curvature does not measure the curvature of the surface at Q in any direction.
FIGURE 2.
Principal centers of curvatures C 1 and C 2 for an elliptic paraboloid (surface without symmetry of revolution). C 1 and C 2 do not necessarily intercept the z axis. Therefore, in general, tangential and sagittal curvatures are not the principal curvatures.
242 Measurement of Corneal Topography-Mejía-Barbosa & Malacara-Hernández eye and showed some advantages in the interpretation of defects such as keratoconus.
SPECULAR REFLECTION TECHNIQUES

Placido Disk System
A Placido disk system consists of a series of concentric illuminated rings that are reflected off of the cornea and viewed with a video camera. Care must be taken not to confuse the image reflected off of the cornea and the Purkinje's images 2 formed by the other interfaces at the crystalline lens. In 1896, Gullstrand 5 photographed the reflected corneal image of a set of concentric black and white circles drawn on a plane object surface (Fig. 3A) . If one wants to measure more than the central part of the cornea, it is necessary to use a very large plane object surface, but then the nose and brows may block portions of the target. Knoll et al. 16 introduced a hemispherical surface for the rings (Fig. 3B ). Black concentric rings 5 mm wide spaced 5 mm apart were hand-painted on the inner surface. The hemisphere was placed with its center of curvature at the center of the cornea. It is evident that the hemispherical surface can evaluate a larger region of the corneal surface, as well as producing a flatter image surface than can be obtained with a plane object surface. With this arrangement, the analysis of the image of the rings becomes simpler.
Knoll 17 also made an instrument that included a photographic camera and 11 coaxial rings of varying width and spacing. These rings lie on the surface of a cylinder having an inside diameter of 5 inches. The spacing of the rings were set so that the image of the rings reflected on a spherical mirror would be spaced uniformly. The results presented by Knoll's instrument were based on the supposition that the image pattern of the rings can be interpreted in exactly the same manner as a contour map of surface elevations. If the reflected rings are perfectly circular and uniformly spaced, the cornea is a spherical surface. If the rings are elliptical, the cornea is a toric surface. If the spacing of the rings increases as the ring diameter becomes larger, the cornea becomes flat toward the periphery. By tracing radial lines that all pass through the center of the photographed rings, the profiles of several meridians may be reconstructed. Usually, 180, 256, or 360 radial lines are used.
Knoll's method just described is applicable to surfaces with symmetry of revolution. However, in more complicated surfaces, it is not possible to directly interpret the rings' image as a contour map of surface elevations. Another problem of these systems is that the central region of the cornea can not be measured due to the large diameter of the clear central zone.
Currently, several companies manufacture instruments called videokeratoscopes to measure corneal topography based on the Placido rings method. They have been improved with respect to the early systems because of the design of new ring targets and addition of more rings. The image of the rings is recorded by video-computerized systems, and new algorithms to process the information have been developed. The reported accuracy varies from 0.1 D to 0.25 D in the dioptric power, that is, approximately from 0.018 mm to 0.045 mm in the radius of curvature.
Fig . 3C shows a diagram of one of the Placido disk systems currently that is in use. The rings are distributed on the inner side of the cone. This system is designed to have a short working distance, which allows mapping of a large portion of the corneal surface. The optical imaging system collects just the reflected rays that pass through the equivalent nodal point. Other systems, designed as shown in Fig. 3D , capture only rays that are reflected parallel to the optical axis. Fig. 4 shows the basic rays geometry of the system shown in Fig. 3C . This system collects a light ray that emerges from a ring at P, reflects off the cornea at Q, and arrives at the image plane at S following the path QNS, where N is the equivalent nodal point.
Some Basic Geometrical Optics Concepts. If the reflective or refractive surface has rotational symmetry, the plane that contains an off-axis object point, the corresponding off-axis image, and the optical axis is called the meridional plane. The rays contained in this plane are called meridional rays. Rays that do not lie on the meridional plane are called skew rays. 18, 19 We will assume that a reflective cornea being measured with a Placido ring whose center is located at the optical axis is not rotationally symmetric. Under this condition, if the point image S shown in Fig. 4 is defined to lie on the meridional plane, the point object does not necessarily lie on this plane. According this and as shown in Fig. 4 , the incident ray PQ is chosen so that the reflected ray QS is meridional, following the path QNS. If the cornea was a surface with symmetry of revolution, the incident ray would be meridional with the path P'Q. For most corneas, however it is usually skew, as illustrated by path PQ. The point N where the meridional reflected ray and the optical axis cross is called the nodal point, and any ray passing through the nodal point is called a nodal ray.
The intersection between the meridional plane and the corneal surface is the meridional curve. Then, from each image point S of the rings, we can trace a straight line to the point O i . This enables us to determine the corresponding meridional plane, and from the geometry of the optical system, it is possible to find the slope of the nodal ray QS contained in that meridional plane.
A similar analysis can be done for the incident and reflected rays for the optical system shown in Fig. 3D , but in this case, any image point S of the rings will give information about the position (x c , y c ) where the reflected ray emerges from the corneal surface. For a direct reconstruction of the corneal surface, we need now to know the direction and position of the source point P.
Let û ϭ (u 1 ,u 2 ,u 3 ) and v ϭ (v 1 ,v 2 ,v 3 ) be the unit vectors whose components are the values of the direction cosines for the incident and reflected rays, respectively. If n ϭ (n 1 , n 2 , n 3 ) is the unit normal vector at the point Q on the cornea, according to the law of reflection 19 we have
Because ԽûԽ ϭ ԽvԽ ϭ 1, therefore,
and from equation 5, it is possible to solve for the unit normal vector n as
On the other hand, to find the coordinates of the point Q(x c , y c , z c ) of the cornea, let us write the equations for the straight lines cor- Geometry of the optical system shown in Fig. 3C . A light ray that emerges from a ring at P reflects off of the cornea at Q and reaches the image plane at S following the path QNS. The meridional plane is the plane that contains the optical axis, so here the reflected ray QS is a meridional ray, whereas the incident ray PQ is a skew ray.
244 Measurement of Corneal Topography-Mejía-Barbosa & Malacara-Hernández responding to the incident and reflected rays. For the incident ray from P(x p , y p , z p ) to Q(x c , y c , z c ) we have
z c ϭ z p ϩ u 3 s , (10) and for the reflected ray from Q(x c , y c , z c ) to S(x s , y s , z s ) we have
z c ϭ z s Ϫ v 3 sЈ .
The parameters s and sЈ of equations 8 through 13 determine the longitude of the straight lines starting from the points P and Q, respectively. For the optical system in Fig. 3D , we do not need to establish the set of equations 11 through 13 because the geometry of the system gives us directly the coordinates x c and y c . Thus, from equation 8 or 9, we obtain the value for the parameter s, and we can finally determine the value for the coordinate z c from equation 10. For the optical system of Fig. 3C , we have to solve for s and sЈ from the equations 11 through 13. Then we can find explicitly the coordinates x c , y c , and z c . Equating equations 8 and 11, as well as 9 and 12, we have
and
The above result means that if we know the location of an image point S and its corresponding source point P, as well as the directions of the incident and reflected rays, we will be able to obtain the coordinates of the point Q(x c , y c , z c ) of the corneal surface. At this point, we can represent the corneal surface as a colorcoded map of height z c in function of the coordinates (x c , y c ). However, to evaluate curvatures of the corneal surface at any point in any direction, we must find a mathematical representation z c ϭ f(x c ,y c ) to determine the first and second derivatives. The function f can be determined by polynomial or splines surface fitting.
Thus far, we have supposed that it is possible to know the direction of the incident ray as well as the location of the source point P, but in the common Placido disk systems, this is not the case. The light emerging from the source rings is divergent, and we can not know which source point P corresponds to an image point S. Some authors omit this fact in their reconstruction algorithms 13, 20, 21 and suppose that the source point P' is contained in the meridional plane (Fig. 4) . The closer the true corneal shape is to a surface with symmetry of revolution, the smaller is the error. Other authors have pointed to this problem 11, [21] [22] [23] [24] [25] [26] [27] and suggested including some radial lines in the Placido disk system. Halstead et al. 22, 24, 25 have proposed a dartboard as source pattern. It allows us to determine the location of some source points.
There are several algorithms to reconstruct the corneal surface from the image of the Placido's rings. 20 -28 For example, the circular arc step method by Campbell, 21 reconstructs the profile of the meridional curves of the corneal surface. This algorithm works well for surfaces with symmetry of revolution. For an asymmetric surface, skew rays can lead to considerable errors in the reconstruction. A complete mathematical description of the surface is obtained when all reconstructed meridional curves are fitted with a polynomial or splines. Another algorithm, which uses skew rays, the splines surface-fitting by Halstead et al., 22, 24, 25 reconstructs the corneal surface with a starting model of a corneal surface. This model is used in a ray tracing program where the image of the rings and the geometry of the object are included as input variables. The ray tracing is performed from the image to the model, and from the model to the rings, following the law of reflection. This procedure is called backward ray tracing. If the model is identical to the cornea, each backward traveling ray SQ arrives to its original source point P as shown in Fig. 4 . Otherwise, there will be a small distance between the original source and the calculated point. To reduce this error, the shape of the model must be modified to correctly reproduce the object rings with a ray tracing program.
The need to determine the correct trajectory of the skew rays can be eliminated with other methods, as we will describe in the next section. A remarkable advantage of the Placido disk system over other methods is its simplicity.
Interferometric Methods
When two coherent and monochromatic wavefronts are superimposed, the intensity in the region of superposition varies from point to point between a maximum and a minimum value according to their relative phase. This phenomenon is called interference. Usually, to obtain the two interfering wavefronts, the light from a light source is divided by a suitable optical arrangement (interferometer) into two beams that are then superimposed after traveling different paths. An interferometer can measure small wavefront deformations with high accuracy, on the order of a fraction of the light wavelength (Ͻ0.5 m). Thus, interferometric methods constitute powerful tools to measure the surface of optical elements like mirrors and lenses. 29 The cornea can act as a convex mirror in an interferometric system, for example, in a Twyman-Green interferometer 30 as illustrated in Fig. 5 . The system is illuminated with a monochromatic point light source S. The light is collimated by means of lens Lc to form an illuminating flat wavefront. This wavefront is amplitude divided into two flat wavefronts by means of a beam splitter BS. One of the wavefronts travels to lens L 2 , and the other to a flat mirror M. Lens L 2 transforms the flat wavefront into a convergent spherical wavefront. After reflection on the cornea, the convergent spherical wavefront is changed into a divergent distorted wavefront. The deviations of this wavefront with respect to a perfect spherical wavefront give information about the shape of the cornea with respect to a reference sphere. The radius of this reference sphere can be about equal to the mean radius of curvature of the cornea. The divergent distorted wavefront travels back to lens L 2 and after refraction, a distorted nearly flat wavefront is obtained. This is the tested wavefront. Meanwhile, a flat wavefront travels to the mirror M, where it is reflected also as a flat wavefront. This is the reference wavefront. Finally, both the tested and the reference The interference fringe pattern can be interpreted as contour map of surface elevations where the difference between two consecutive fringes is equal to an elevation difference of half the light wavelength (~0.5 m). Adding this elevation to the reference sphere, the shape of the cornea is found. In practice, to determine the radius of the reference sphere (mean radius of the cornea), the lens L 2 is moved along the optical axis until the minimum number of interference fringes is obtained. At the same time, with other device, the location of the corneal vertex is measured, and from the relative position of lens L 2 and the vertex, it is possible to determine the radius of the reference sphere.
Because interferometric methods have a high sensitivity to mechanic vibrations and the cornea does not remain stationary due to involuntary fast movements of the eye, it requires short exposure times to record the interferograms. The Twyman-Green interferometer is very sensitive to the longitudinal displacements of the eye, thus a positional system for the head of the patient is required.
The interferometric method is ideal to measure small separations between the tested and reference wavefronts, then a great number of fringes is introduced where large changes of curvature occur; for example, where there is keratoconus or a marked astigmatism. In such cases, the high density of fringes won't be resolved by the image detector (CCD) in the camera, and we will not have useful information in those regions. By changing the distance between the cornea and the collimating lens L 2 , the fringe pattern will change its fringe spacing, making it more or less dense. With this procedure, it is possible to measure the entire corneal surface, but high sensitivity to eye vibrations makes this procedure difficult to implement.
Due to the small radius of curvature of the cornea, to illuminate the proper zone of the cornea, the lens L 2 in Fig. 5 should be a fast lens, i.e., the ratio of the focal distance to the aperture diameter must be less than one. The aperture diameter of the lens L 2 should not be too large because the larger the aperture diameter, the larger is the rest of the geometry of the interferometer. Then, with the Twyman-Green interferometer, the illuminated region around the vertex of the cornea is usually limited to a region of 5 mm in diameter. 30 Risaliti and Ronchi 31 propose an optical system where a collimated beam falls on the corneal surface. It allows us to move the lens L 2 away from the cornea and illuminate a larger zone. The interference pattern is formed by the superposition between the divergent reflected beam from the corneal surface and a spherical divergent reference beam. The inconvenience with this system is that the interference pattern becomes too large, which complicates the imaging process.
The accuracy of an interferometer depends on many factors such as the optical quality of its components, the measuring methods, the light source properties, and the mechanical vibrations. The sensitivity reported with this method 30 when evaluating a corneal astigmatism of 0.6 D with the rule is Ͻ0.1 D within 5 mm of the vertex, corresponding to~0.018 mm in the radius of curvature.
Other methods, instead of recording the interference pattern in a CCD camera, use holographic materials. [32] [33] [34] They produce a higher fringe resolution than the CCD camera; additionally, it is possible to directly reconstruct the corneal shape by illuminating the hologram with the reference wavefront. However, the use of holographic techniques to study the corneal topography has more difficulties. It requires an interferometric system to maintain correct position of the optical components and to isolate the entire system from vibrations and air turbulence.
Moiré Deflectometry
In this method, the distorted image of a grating is superimposed on another grating, which is at a distance d, [35] [36] [37] as shown in Fig.  6 . A collimated beam is focused by a lens L 1 , so that a convergent beam falls on the surface C of the cornea. If the surface C is spherical and the focus of the convergent beam coincides with the center of this surface C, the beam traveling to the grating G 1 will be collimated (flat wavefront), otherwise the wavefront will be distorted. With a flat wavefront illuminating the grating G 1 , a perfect image of this grating appears, even if all diffraction orders are present on the image plane, at an integer multiple of a certain distance d. This distance is called the Rayleigh distance 35 ; its magnitude depends on the light wavelength and the period grating. This is the well-known Talbot effect. 35 Then, a well-defined image of the grating appears either too close to the grating compared with the Rayleigh distance or near integer multiples of this Rayleigh distance. However, if the illuminating wavefront is not flat, a distorted image of the grating is projected. A second grating G 2 is Twyman-Green interferometer for testing the corneal surface. The interference fringes are interpreted as contour map fringes, and the distance between contour planes in equal to one-half of the wavelength of the light (~0.5 m). A simulated interferogram for a cornea with astigmatism is also shown.
246 Measurement of Corneal Topography-Mejía-Barbosa & Malacara-Hernández superimposed on the image of the first grating, thus producing a moiré pattern (see Moiré fringes in Diffuse reflection techniques), and is projected on the CCD camera by means of lens L 2 . This pattern contains information about the directions of the reflected rays on the surface C with respect to a sphere of reference, that is, about the slopes of the surface in the direction perpendicular to the grating lines.
When the reflective corneal surface is spherical and the second grating is rotated a small angle with respect to the image of the first grating, the moiré pattern consists of straight lines with a pitch equal to p/2sin(/2), where p is the spatial period of the gratings, as shown in Fig. 7 . However, if the corneal surface is not spherical, the moiré fringes distort in a perpendicular direction with respect to the unperturbed fringes. Assuming small wavefront deformations in the collimated illuminating beam with slopes in a direction perpendicular to the lines of the grating G 1 , the corresponding fringe will be shifted by an amount d/ from its unperturbed position. The sensitivity is determined by the ratio p/d, and it can be improved by increasing the distance d between the gratings or by decreasing the spatial period p of the gratings.
If the angle is zero, i.e., the lines of the gratings G 1 and G 2 are parallel each other, the observed shadows are similar to the ones obtained in the Ronchi test or in a lateral shearing interferometer. 29 The deflection angle (wavefront slope) is given by lp/d, where l ϭ 0, Ϯ1, Ϯ2,.... Thus, we have a contour map of wavefront slopes with increment p/d. The minimal resolvable angle is obtained for one fringe (l ϭ 1) on the deflectogram, also called Talbot interferogram. An optical system based in this configuration was proposed by Rottenkolber and Podbielska. 38 However, in their system, the grating has high spatial frequency (diffraction grating) and the distance between the two gratings is larger than the Rayleigh distance. In this configuration, a Talbot auto-image is not required because the high-order diffraction beams are eliminated by a suitable spatial filter (pinhole), leaving only the two first orders of diffraction. Actually, they eliminated one of the gratings and placed a mirror to project the shadow fringes generated by the grating on the same grating. According to Fig. 6 , from the minimal resolvable angle, the minimal difference in the radius of the surface for an average radius R, is given by dR Ϸ f 2 p/ad, where f is the focal distance of lens L 1 and a is the aperture diameter. For example, consider the following parameters used in their optical arrangement: two gratings separated by d ϭ 44 mm and the grating period p ϭ 0.0128 mm (78 lines/mm), focal distance of the lens L 1 equal to f ϭ 50 mm, and the effective aperture diameter a ϭ 30 mm. Assuming R ϭ 7.86 mm, the minimal difference in the corneal radius that they could measure was dR ϭ 0.024 mm (~0.13 D) within 5 mm of the vertex.
To obtain the corneal surface with moiré deflectometry (Talbot interferometry), we need to measure ray deflections in two orthogonal directions. Let us assume that we measure the deflection angle x in the x direction and the deflection angle y in the y direction. In first-order aberration theory (small ray deflections), the distorted wavefront W(x, y) reflected off of the cornea is calculated with respect to a reference sphere. This wavefront shape is connected to the deflection angles x and y by partial derivatives, i.e., the wavefront slopes ␦W/␦x and ␦W / ␦y, respectively. 38 Taking into account that under reflection, the wavefront distortion W is twice the distortion of the cornea with respect to the reference sphere, it is possible to obtain the corneal shape. To determine the radius of the reference sphere, a procedure similar to one usually followed in the Twyman-Green interferometer is carried out. The Rottenkolber's optical system includes two grating systems, one for the x direction and another for the y direction, to measure simultaneously the ray deflection angles (wavefront slopes).
The system in Fig. 6 , as well as the Twyman-Green interferometer, requires a fast lens L 1 . The reported measured area in the cornea is about 5 mm in diameter. It also includes an optical system to measure the relative position of at least one point of the corneal surface. Compared with Twyman-Green interferometry, moiré deflectometry or Talbot interferometry does not need to use a laser light source, and it is less sensitive to mechanical vibrations.
DIFFUSE REFLECTION TECHNIQUES
The following three methods, moiré fringes, rasterstereography, and Fourier Transform Profilometry, modify the natural specular condition of the anterior surface of the cornea to become a diffusing surface by instilling fluorescein in the eye. Once the surface of the cornea has been transformed into a diffusing surface, some kind of structured light pattern (straight and parallel fringes) is Moiré deflectometry optical system for testing the corneal surface. The moiré pattern formed by the distorted grating G 1 and the grating G 2 gives information about the directions of the reflected rays on the surface C. The corneal topography is obtained from the map of ray deflections.
FIGURE 7.
Moiré pattern produced by the superposition of two identical Ronchi rulings G 1 and G 2 .
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projected onto the cornea. Due to the topography of the cornea, if the fringes are observed from a point at a different location from that of the projecting point, a distorted fringe pattern is observed.
The three methods just mentioned are distinguished by the method they use to process the information obtained from the distorted fringes. The optical systems in the three cases are similar. The optical axis of the fringe projector and the optical axis of the imaging system (video camera) lie in the same plane and intersect at a point close to the eye. These methods are frequently called triangular profilometry methods.
Moiré Fringes
The moiré effect is produced by the superposition of two similar periodic structures. 39, 40 A commonly used grating, called Ronchi ruling, has a relatively low spatial frequency that is formed by alternate opaque and transparent stripes of equal width. A Ronchi ruling of period p with stripes parallel to x direction can be described mathematically as y ϭ lp, where l ϭ 0, Ϯ1, Ϯ2,.... When two such gratings G 1 and G 2 are oriented with an angle between them, dark fringes are produced when the dark lines are out of step one-half period p, and bright fringes are produced when the dark lines of the two gratings intercept each other, as shown in Fig. 7 .
Assuming that the x axis bisects the angle between the lines of gratings G 1 and G 2 , equations that describe the gratings are
The moiré pattern, that is, the spacing between dark (bright) fringes, is given by
If one of the gratings is distorted by g(x, y), for example
some fringes of the moiré pattern are shifted an amount ⌬x, given by
Thus, by measuring this fringe shift, it is possible to obtain the distortions.
The simplest moiré mapping of g(x, y) is produced when the angle between the lines of gratings G 1 and G 2 are zero. In this case, equations 17 and 19 are reduced to
G 2 : y ϭ mp , m ϭ 0, Ϯ1, Ϯ2,. . .
and the moiré pattern is given by
That is, we obtain a contour map of the grating distortion g(x, y) incremented by the spatial period p of the Ronchi ruling. If the Ronchi ruling is placed in front of an object and illuminated by a collimated beam tilted at an angle ␣ as shown in Fig. 8 , the shadows of the lines when seen through the ruling produces a moiré pattern. When we see in the perpendicular direction of the grating, the distortion (equation 23) is given by g(x, y) ϭ h(x, y)tan(␣) (24) where h(x, y) is the height variation of the surface of the object with respect to h ϭ 0, and solving equation 24 for h(x, y) produces
Kawara 41 made an optical arrangement based on the configuration of Fig. 8 . He projected a Ronchi ruling G 1 on the diffusely reflecting corneal surface by means of telecentric system and observed the shadow by means of another telecentric system with grating G 2 as shown in Fig. 9 . The moiré pattern obtained by Kawara consists of circular fringes.
In the Kawara setup, angle ␣ was 29.8°, and the period p of the grating lines projected on the cornea was 0.0847 mm (12 lines/ mm), so the depth interval h between the two adjacent moiré fringes according to equation 25 was 0.148 mm. To get a complete description of the surface, we need to trace many meridians, and all data points sampled are fitted, for example, by the splines method. The sensitivity can be improved by decreasing the spatial period of the Ronchi ruling or by increasing the projection angle for grating G 1 , but as in moiré deflectometry, the sensitivity and resolution may be limited by the diffraction effects.
To correctly measure the location of the vertex of the cornea, it is convenient that the optical system is aligned so that the center of the moiré pattern is at the optical axis. This is done by introducing a point source on the optical axis that the patient has to observe during the measuring procedure.
FIGURE 8.
Setup for obtaining moiré fringes. A collimated light beam projects the shadow of the grating (Ronchi ruling) onto a diffusely reflecting surface. The angle between the optical axis of the projector and the optical axis of the imaging system is ␣.
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Rasterstereography
Rasterstereography is another method that projects a fringe pattern on the diffusely reflecting corneal surface. The distorted fringes are observed and analyzed by a computer imaging system. The fringe pattern can be any type of structured light, for example, the image of a Ronchi ruling. Rasterstereography is a fringe projection method, but its symmetry resembles a stereoscopic system 42, 43 ; one of the cameras is the fringe projector, called a raster projector by the authors, and the other camera is the observing camera. 44 -46 However, in contrast to stereophotography, the three-dimensional information is contained in a single image of the distorted fringe pattern. The projected image covers the full cornea, including the central optical zone and the limbus. The difference between this method and the preceding one is that a second Ronchi ruling to form the moiré is not used. Fig. 10 shows the geometry of this optical system, assuming that a Ronchi ruling of period p with stripes parallel to the y direction is projected on the cornea. The optical axes of the projector and imaging system are coplanar, parallel, and at a distance s. N S and N I are the nodal points of the projector and imaging system, respectively, and they are joined by a perpendicular line to the optical axes. This perpendicular line will be the x axis. The source point S and image point I lie on a line parallel to the x axis, that is, at a distance f. O S and O I are the intersections between this parallel line and the optical axes of the projector and imaging system, respectively. The origin of the coordinate system is at the middle of the line that joins the nodal points. The projecting system projects the source point S at point Q on the cornea following the path SN S Q, and I is the image of Q formed by the imaging system when it collects the ray that follows the path QN I I.
From the similar triangles QRN S and N S O S S, we have
where d S is the distance between O S and S, and it is positive if S is on the left of O S . And from the similar triangles QRN I and N I O I I, we have
where d I is the distance between O I and I, and it is positive if I is on the right of O I . Equating these two equations and solving for z Q , we have
Thus, by measuring the distance of the source point S with respect to O S and the image point I with respect to O I , we can determine the height variations of the corneal surface. Equation 28 gives these height variations with respect to the x axis, but to obtain a more convenient description of the corneal topography, it is possible to define another reference line parallel to the x axis at a distance z R (Fig. 10) . In this case, the height variations of the cornea will be z Q Ϫ z R . Although the analysis of the locations of the source and image points has been made only for the x direction, it is equally valid for any point in the xy plane. Note that when the surface to be measured is a plane parallel to the xy plane, the sum (d S ϩ d I ) along a parallel direction to the x axis is a constant. The sensitivity in the height variations of this method depends on the angle between the axes of the projector and imaging systems as well as the spatial frequency of the Ronchi ruling. As the angle increases, the sum (d S ϩ d I ) increases. At the same time, due to the geometry of the system, the distance between two consecutive projected fringes on the cornea also increases, possibly diminishing the sensitivity and accuracy of the system on the total cornea. This effect is overcome by increasing the spatial frequency of the Ronchi ruling.
Warnicki et al. 45 modified a Zeiss stereo photo slitlamp to create a rasterstereography system. They calculated the corneal topography trigonometrically by comparing the horizontal displacement of the projected grid lines on the cornea to the position of the grid lines when projected onto a plane parallel to the xy plane. This Optical system for producing moiré fringes. The fringe pattern can be interpreted as a contour map of surface elevations, thus the shape of the corneal surface is directly obtained from the contour fringes with respect to a reference plane.
FIGURE 10.
Rasterstereography setup is similar to the conventional stereoscopic systems except that one of the camera has been replaced by a raster projector (N S ). By measuring the distances d S and d I it is possible to obtain the elevation z Q by means of triangulation.
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procedure is equivalent to equation 28 because for a plane parallel to the xy plane, the sum (d S ϩ d I ) along a parallel direction to the x axis is a constant. The accuracy reported for the radius of curvature 44 is 0.040 mm (0.2 D for an average radius of the eye of 7.8 mm).
The Fourier Transform Profilometry Method
The Fourier Transform Profilometry method is another fringe projection method such as the two methods just described. In this case, however, a different mathematical method is used to analyze the fringes, as described by Takeda et al. 47, 48 In this method, the topography of a diffuse object is reconstructed by means of a Fourier spectrum analysis of the distorted projected fringes on the object surface.
Assuming that a Ronchi ruling of period p with stripes parallel to the y direction is projected on a diffuse object by means of a telecentric system (as in shadow moiré fringes, Fig. 8 ), the distorted fringe pattern can be described on the image plane by g(x, y) ϭ a(x, y) ϩ b(x, y)cos͓2 f 0 x ϩ ͑x, y)͔ , (29) where a(x, y) describes a background illumination, b(x, y) is the fringe modulation due to nonuniform light reflection on the surface, (x, y) is the wavefront phase that describes the distortion, and f 0 is the spatial carrier frequency. The inverse of f 0 is equal to p.
Defining c(x, y) ϭ 0.5b(x, y)e i(x, y) , the Fourier spectrum of equation 29 is given by
where A(f x , f y ) and C(f x , f y ) are the Fourier transform of a(x, y) and c(x, y). The asterisk (*) denotes the complex conjugate. In most cases a(x, y), b(x, y), and (x, y) vary slowly compared with the variation introduced by the spatial carrier frequency f 0 . Thus, this spectrum would be concentrated in three lobes along the frequency axis in the x direction, a small one at the origin and two large ones centered at f x ϭ f 0 and f x ϭ Ϫf 0 . Thus, the spectral terms of equation 30 can be separated, and by filtering the terms A(f x , f y ) and C*(f x ϩ f 0 , f y ) and translating C(f x Ϫ f 0 , f y ) by f 0 toward the origin, C(f x , f y ) is obtained. To recover c(x, y), the inverse Fourier transform of C(f x , f y ) is computed. Once the term c(x, y) has been obtained, and from its definition, we can find the phase (x, y). For a telecentric projector tilted an angle ␣ (Fig. 8) , the phase (x, y) and the height variation h(x, y) of the object surface are related by
Equation 31 can be directly compared with equation 25 of shadow moiré fringes because (x, y)/2 gives the number l of the fringe order, and the inverse of f 0 gives the separation p between fringes (shadow lines). However, the height distribution of equation 25 is a discrete function, whereas the height distribution of equation 31 is a continuous function. Actually, taking into account the sampling theorem and the properties of Fast Fourier Transform, the phase function (x, y) is sampled by the matrix array of pixels of the CCD camera. Thus, if the CCD sensor is conformed by 512 ϫ 512 pixels, the phase function will be a set of 262,144 data points. Then, Fourier Transform Profilometry can determine the profile of the meridional curves of the corneal surface using many more data points than shadow moiré fringes (Fig. 8) .
The optical arrangement used in this method is similar to shadow moiré fringes, but without the grating G 2 in the imaging system (Fig. 9) . The image of the distorted fringe pattern is directly captured by the CCD camera. Because we do not obtain circular fringes with this arrangement as in moiré fringes or the Placido disk system, the alignment of the viewing axis of the eye with the optical axis is not critical.
Jongsma et al. 49 used a variation of the Kawara's optical system (Fig. 9) and applied Fourier Transform Profilometry to measure the corneal topography. In their arrangement, they use two telecentric projectors, instead of only one, that are symmetrically placed with respect to the optical axis of the observing system as shown in Fig. 11 . The CCD camera records two sequentially flashed images as odd and even line fields, respectively. These images are independently analyzed and then combined in the reconstruction process. In this way, the missing information from onehalf frame can be compensated with the other frame. The depth of field is 6 mm; therefore, it can measure a large zone of the cornea, including the limbal and sclera-conjunctiva surface. The accuracy in the radius of curvature measurements for the central zone of 10 mm of diameter was Ϯ15 m (Ϯ0.08 D).
TECHNIQUES USING SCATTERED LIGHT
Slit-Based Systems
The slitlamp is an instrument that projects a sharp and bright image of a slit with adjustable width over any desired location on the eye. 2, 50, 51 When the slit image is on the cornea, it splits into a specular reflection and a refracted beam that penetrates the corneal surface and is scattered by the tissue of the cornea. An image of the scattered light is formed by an observing imaging system, and as in the diffuse reflecting techniques, the optical axes of the projector and imaging system lie in the same plane forming an angle ␣. Because the scattering phenomenon in the tissue of the cornea is stronger than in the aqueous humor, the image of the light in the cornea layer is observed as a curved bright band. The outer and inner edges of this band correspond to the anterior and posterior surfaces of the cornea, respectively. Thus, this method allows us to measure both surfaces of the cornea.
Because the geometry of this system is similar to the geometry of the rastersterography or, more generally, to the fringe projection methods, a similar geometrical analysis is carried out. Thus, with this method, we can measure the elevation of the corneal surface.
To measure the entire corneal surface with a single slit light, the image of the slit must scan the whole corneal surface. To reduce the capture time, multiple vertical slits can be used, for example, by using a Ronchi ruling. This type of multiple slits is used by the ORBSCAN II instrument. 52 ORBSCAN II uses two slitlamp projectors that are calibrated at 45°to the right or left of the optical axis of the camera-eye system (as in Fourier Transform Profilometry in Fig. 11 ). Each slit system projects 20 slit beams across the whole width of the cornea. About 5000 points are taken from the image of the slits, and once the relative height corresponding to each point has been determined, the reconstruction of the surface can be done by splines fitting. The departure of the corneal surface from the best fit sphere is given in a map of elevation contour lines spaced 5 m. The best-fit sphere is calculated using a least-squares method.
CONCLUSIONS
Methods based on specular reflection techniques, i.e., Placido disk system, interferometry (Twyman-Green), and moiré deflectometry, determine the corneal shape taking into account a reference sphere, usually 7.8 mm of radius, that is considered the average radius for normal corneas in adults. The Placido disk system and moiré deflectometry measure the slope of the reflected rays with respect to a reference sphere. This is equivalent to measuring the slope of the surface with respect to a reference sphere. With the Placido disk system, an algorithm that uses the slope data computes the meridional curvatures and the elevation of the cornea. With moiré deflectometry, the elevation of the cornea is determined by integrating the slope data. Interferometric methods, such as Twyman-Green, measure the elevation of the cornea with respect to the reference sphere.
Methods based on diffuse reflection techniques, i.e., moiré fringes, Fourier Transform Profilometry, and rasterstereography, project a fringe pattern, usually a Ronchi ruling, on the diffusely reflecting corneal surface. To modify the specular reflection property of the anterior corneal surface, it is necessary to instill fluorescein to the tear film. These methods measure the elevation of the cornea with respect to a reference plane. Different types of curvatures are obtained by calculating the first and second derivatives of the fitted elevation function z ϭ h(x,y), or by numerical methods that use directly the elevation data. Due to their geometry, these methods are also called triangular profilometry methods.
Slit-based systems project a set of vertical bright slits (fringe pattern) on the cornea. The specular reflection is not relevant in this method. An image of the scattered light within the cornea tissue is formed by an imaging system, and by triangulation, the elevation of the anterior and posterior corneal surfaces are measured with respect to a reference plane. The slitlamp system is the unique method that can measure both the anterior and posterior corneal surfaces.
Methods based on specular reflection techniques as well as the moiré fringes method must align the optical axis of the cornea with the optical axis of the imaging system. Misalignment produces errors in measuring the slope or elevation and in the location of the vertex of the cornea. Interferometric methods are, in particular, very sensitive to alignment errors. These methods, except moiré fringes, are also sensitive to displacements along the optical axis. The tested zone around the vertex of the cornea is usually limited to a region of 5 mm of diameter in interferometry and moiré deflectometry and up to 7 mm of diameter in the Placido disk system.
Fourier Transform Profilometry, rasterstereography, and the slitlamp do not need to accurately center the vertex of the cornea, thus slight misalignment errors do not produce errors in measuring elevation of the cornea. These methods, as well as moiré fringes, can test the entire corneal surface and the limbal zone.
Sensitivity to variations of elevation, slope, or radius of curvature measurements depends mainly of the geometry of the scanning system and the resolution power of the imaging system. In the Placido disk system, the sensitivity increases if the number of rings observed on the cornea increases. In moiré deflectometry, the sensitivity increases if the spatial period of the Ronchi ruling decreases and the distance between both gratings increases. In interferometry, the sensitivity increases if the wavelength of the light decreases. In moiré fringes, rasterstereography, Fourier Transform Profilometry and the slitlamp, the sensitivity increases if the spatial period of the Ronchi ruling decreases and the angle between the optical axes of the projector and imaging system increases. In all cases, the resolution is limited by diffraction. The method that gives the highest sensitivity is interferometry because it allows for measurement of elevation variations smaller than 0.5 m.
Meusnier's Theorem
The center of curvature of all curves on a surface that pass through an arbitrary (fixed) point Q and whose tangents in Q have the same direction, different from an asymptotic direction, lie on a circle of a radius 1/(2c n ) that lies in the normal plane and has a contact of first order (at least) with the surface at point Q.
